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Abstract. In this paper we study the analytic realisation of 
the discrete series representations for the group G = Sp(l, 1) 
as a subspace of the space of square integrable sections in a 
homogeneous vector bundle over the symmetric space G/K :— 
Sp(l, l)/(Sp(l) x Sp(l)). We use the Szego map to give expres- 
sions for the restrictions of the if-types occurring in the represen- 
tation spaces to the submanifold AK/K . 

1. Introduction 

In [2], Gross and Wallach considered representations of simple Lie 
groups G with maximal compact subgroup K such that the associated 
symmetric space G/K has a G-equivariant quaternionic structure (cf. 
[TT]). This amounts to the group K containing a normal subgroup 
isomorphic to SU(2). In fact, there is an isomorphism K = SU(2) x M 
for a subgroup M C K, and by setting L := U(l) x M, the associated 
homogeneous space G/L is fibred over G/K with fibres diffeomorphic 
to P 1 (C). The quaternionic discrete series representations are then 
realised on the Dolbeault cohomology groups H 1 (G/L, C), where C — > 
G/L is a holomorphic line bundle. In this model they are able to 
classify all the K-types occurring in each of the obtained discrete 
series representations. Moreover, they consider the continuation of 
the discrete series and characterise the unitarisability of the underlying 
i^)-modules. 

In this paper we consider another model of the quaternionic discrete 
series. If re is a quaternionic discrete series representation realised on 
the cohomology group H 1 (G/L, £), and r is its minimal if -type, then 
the Schmid D- operator acts on the sections of the homogeneous vec- 
tor bundle G x K V T — ► G/K where V T is some vector space on which 
the K-type is unitarily realised. The Hilbert space keiD fl L 2 (G,t) 
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then furnishes another realisation of the representation ir. We con- 
sider the special case when G = Sp(l, 1). In this case the symmetric 
space G/K can be embedded into the bounded symmetric domain 
SU(2, 2)/S(U(2) x U{2)) consisting of complex 2 x 2-matrices of norm 
less than one. The restriction of the Harish-Chandra embedding to 
G/K then yields a global trivialisation of the vector bundle G x K V T . 
In this model we compute the restrictions to the submanifold A ■ Qof 
the highest weight vectors for the occurring i^-types. These functions 
turn out to be fibrewise highest weight vectors with a hypergeometric 
function as a coefficient. Similar functions have been studied by Cas- 
tro and Grunbaum in [TJ. Hypergeometric functions occur frequently 
in representation theory, not only for Lie groups. For example, in [8], 
they play a role in the context of Hecke algebras. 

We compute the K-types by using the Szego map defined by Knapp 
and Wallach in [6j which exhibits any discrete series representation as 
a quotient of a nonunitary principal series representations. The K- 
types are determined on the level of the principal series representation, 
and then the Szego map is applied to compute the above mentioned 
restrictions. 

The paper is organised as follows. In section 2 we explicitly state 
some results from the structure theory of the Lie group Sp(l, 1) that 
will be needed. In section 3 we describe the models for the discrete 
series in the general context of induced representations, and also give 
an explicit global trivialisation. Section 4 describes the Szego map by 
Knapp and Wallach, and we also compute K-types on the level of a 
nonunitary principal series representation. In section 5 we compute 
the images of the K-types under the Szego map and trivialise them 
to yield vector valued functions. The main theorem of this paper is 
Theorem 8 of this section. 



2. Preliminaries 

2.1. The quaternion algebra. The quaternion algebra, H, is a four- 
dimensional associative algebra over R with generators i,j, k satisfying 



A is associated with a particular Iwasawa decomposition G — NAK. 
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the relations 

e=f = k 2 = -l 
ij — k,jk — i,ki — j and 
ji = —ij, ik = —ki, kj = —jk. 

Moreover, H is equipped with an involution, *, given by 

(a + bi + cj + dk)* = a — bi — cj — dk, a, b,c,d G M. 

The Euclidean norm on the vector space M 4 ~ EI can be expressed in 
terms of this involution by 

| (a, b, c, d)\ 2 = a 2 + b 2 + c 2 + d 2 = (a + bi + cj + dk)*(a + bi + cj + dk). 

It follows immediately that the quaternions of norm one, Sp(l), form a 
group. The algebra H can be embedded as a subalgebra of the algebra, 
M 2 (C), of 2 x 2 complex matrices by 

(1) l:M~^M 2 (C), 
where 

(2) t(a + bi + c j + dk)=(_ a {c + _ bi di) = + 

In particular, the generators l,i,j,k are embedded as 

The embedding i also satisfies the relation 

// . / a — bi —c — di\ ( a + bi c + di\* 

i{{a+h+cj+dk) ) = ^ _ ( _ c + di) a + u ) =[_ {c _ di) a _ U ) 

so i is a homomorphism of involutive algebras. We observe that, letting 

z = a + bi, w = c + di, 

<<=> = {( -w r)l 2 '» eC } 

and moreover, we have the identity 

a 2 + b 2 + c 2 + d 2 = \z\ 2 + \w\ 2 = det 
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In particular, 

^)|N 2 + H 2 = i} = ^(2). 

2.2. The group Sp(l,l). The real vector space H 2 = M 4 is also 
equipped with the structure of an H-module by 

(3) (a, (hi, h 2 )) h-> (a/ii, a/i 2 ), «, ^2 e H. 

If we identify H 2 with the set of 2 x 1 matrices over H, there is a 
natural H-linear action of the matrix group GL(2,M) on H 2 given by 



(4) 



(hi h 2 ) ^ ( hi h 2 ) ( a c b d ^j 



Consider the real vector space H 2 equipped with the nondegenerate 
indefinite Hermitian form 

(5) (., •)!,! : ((h, h 2 ), (h[, h' 2 )) » hi(h\y - h 2 (h' 2 y. 

Recall that the group Sp(l, 1) is defined as 

(6) Sp(l, 1) := {g e GL(2,m)\(gh,gh') l ,i = (h,h\i}, 

where h := (hi, h 2 ), h' := (h' x , h 2 ). The condition that the form (, 
be preserved can be reformulated as 

(7) g*Jg = J, 

, f a bY ( a* c* \ . T ( 1 
where g = I > , and J 



v c d J ' \b* d* J } \ 

The embedding (pp) induces an embedding (which we also denote by 
the same symbol) 

(8) 1 : M 2 (H) -> M 4 (C) 

by 

( 9 ) ( a 5 ( 11 fl 

This embedding is a homomorphism of algebras with involution. Ap- 
plying it to the identity f7]) reveals that the image of Sp(l, 1) is a 
subgroup of the group 

(10) SU(2,2) = {geM,(C)\g*Jg = J,detg = l}, 

h 
-I 2 



J 
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2.3. The symmetric space B^B) = Sp(l, l)/(5p(l) x Sp(l)). Let 
Bi{M) denote the unit ball 

(11) Bi(M) := {h G H| \h\ < 1} 

in H. The group G := 5p(l, 1) acts transitively on Bi(M) by the 
fractional linear action 



(12) g(h) := (ah + b)(ch + d)- 1 

a b 
c d 



eG,heB 1 



The isotropic subgroup for the origin is 
(13) K:=G ={( a „ M e (?) ^ 5p(l) x 5p(l), 



v x ^ , 

and hence we have the description 

(14) £?i(H) = G/K 

of -Bi(M) as a homogeneous space. Moreover, from eq. (j^j) it fol- 
lows immediately that the group G is invariant under the the Cartan 
involution 

(15) 0(g) := (gT 1 

and hence the space G/K is equipped with the family of reflections 
{c^l^ecy^ given by 

(16) o gK (xK) := g6(g- 1 x)K 

which furnish G/K with the structure of a Riemannian symmetric 
space of the noncompact type. In particular, for any h G Bi(M), there 
is a unique geodesic joining and h. We let <fh denote the reflection in 
the midpoint, mt, of this geodesic. The isometry iph G G is uniquely 
characterised by the properties 

(17) Vh(fn h ) = h, 

(18) d Vh (m h ) = -Id Tmh(Bim . 
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*p(l) a - < ( n 2 ) ^ 



We let Sp(l)i and 5 l p(l)2 denote the "upper" and "lower" subgroups 
of Hf given by 

1 o 

d 

For ^ = ^q ^^ e ^' we WI "ite = (a,d) := (fci,^). The 
group = SU(2) is then a normal subgroup of K. We will write 

(19) 7i : AT -> K/Sp(l)i = SU{2) 

for the natural projection onto the quotient group. 

The group K acts on the tangent space T (Bi(M)) by the differen- 
tials at of the actions on Bi(M). By the restriction to the subgroup 
Sp{l)i we have a representation of SU{2) on T (Bi(W)) . We can de- 
fine an S77(2)-representation, Hh, on the tangent space T h (Bi(W)) for 
any h by the formula 

(20) n h (l)v := dtp h (0) o dl(0) o d(pi\h)v, 

^T^yeSpfl)!. 

The family {fih} heB^n) of S77(2)-representations amounts to an action 
of SU(2) as gauge transformations of the tangent bundle T(B 1 (M)). 
It is, however, not invariant under the action of G as automorphisms 
of the bundle. Indeed, if we define, for h G Bi(M),g G G, 

( 21 ) Kg,h ■= <Pg{ h )9<Ph € K, 
then 

(22) n g{h) (l)dg(h)v = dgih)y. h {K~^ h lK gt h)v, 

where the element Kg\lK g ,h belongs to the subgroup Sp(l)i since it is 
normalised by K. Hence the principal fibre bundle over Bx(M) defined 
by the family {/x/i}/ieBi(H) is G-equivariant, though not elementwise. 
This shows that the symmetric space has a quaternionic structure 
and is a quaternionic symmetric space in the sense defined by Wolf 

(cf. nu). 
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2.4. Harish- Chandra realisation. We consider again the embed- 
ding l defined in eq. (jHJ). If we set 

G' = SU(2,2), 

K' = S(U(2) x 17(2)) 

£> ) G 5f/ ( 2 ' 2 )\ A e u ( 2 )> D e U ( 2 )> det ( A ) det ( D ) = 1 

t induces an embedding of pairs (G, K) (C, if') and hence descends 
to an embedding 

(23) G/K G'/JT' 

of the corresponding symmetric spaces. We will write S77(2)i and 
S , f/(2) 2 for the images i(Sp(l)i) and t(£p(l)2) respectively. 

The Hermitian symmetric space G'/K' is by the Harish-Chandra 
realisation holomorphically, and G-equivariantly, equivalent to the 
bounded symmetric domain of type I 

(24) G'/K' = Q) := {Z G M 2 (C)|/ 2 - Z*Z > 0}. 
The action of G' on S> is given by 

(25) g(Z) = (AZ + B){CZ + D)~\ 

if g — ( ^ ^ ^ is a block matrix with blocks of size 2x2. The 
symmetric space G/K is thus embedded into 3) as the subset 

V := \z E M 2 (C)\I 2 - Z*Z > 0,Z = ^ J_ 
and the action is given by 

(26) i(g)(i(h)) = (i(a)i(h) + i{b)){i{c)i{h) + i{d)y l = t(g(h)), 

where g(h) is the action defined in (fT2l ). 

For any Z E the tangent space Tz(@) is identified with the 
complex vector space M 2 (C) and the differentials at of the K' actions 
are given by 

(27) dk(0)Z = AZD~\ Z e M 2 (C),k = ( ^ D^j e K ' ' 
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2.5. Cartan subalgebra and root system. Recall the Cartan in- 
volution 9 on G (fT5l ). Its differential at the identity determines a 
decomposition of g into the ±l-eigenspaces t and p respectively, 



(28) 
where 



= fi©P, 



X 
Y 





X* 



X 




IX, Y g H,X* 



IX G H 



-X, Y* 



-Y, trX + try = 



Let tct denote the subalgebra (realised as complex matrices) 



(29) 



/ 



V 



Si 











-si 











ti 








-ti 



\s,t g 



It has a basis {Hi,H 2 }, where 



(30) 



(31) 



H X 



Ho 



( 1 








o\ 





— i 




















V° 








°y 


(0 








\ 




















i 





V° 











Let C be the complexification of g, and fi c and p c denote the complex- 
ifications of t and p respectively. The Cartan decomposition induces 
the decomposition 

(32) S c = f © p '. 

The complexification t c C t c is a compact Cartan subalgebra of g c . 
Let A denote the set of roots, and for a G A, we let g a denote the 
corresponding root space. Then, for each a G A either the inclusion 
g a C t c or the inclusion g a C p c holds. In the first case, we call 
the root compact, and in the second case we call it non-compact. 
Let At, and A p denote the set of compact roots and the set of non- 
compact roots respectively. We order the roots by letting the ordered 
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basis {—^—1H*, —^/—1H%} for the real vector space \/— It* define a 
lexicographic ordering. We let A^" denote the set of positive compact 
roots, and we let Ap denote the set of positive non-compact roots. 
The roots are given by 

(33) A E = {±2^/*!, ±2v /= T# 2 *}, 

(34) A p = {±V^T(H* 1 +H* 2 ),±^l(H* l -H* 2 )}. 

In terms of quaternionic matrices, the corresponding root spaces are 

(35) fe^/zrHj = C ( j T ° 

( 36 ) fiUv=l^= C (S j=fV=ik 
and 

(37) S± ^ (H;+Hi) = c((_°. J )t(_°, o))' 

(38) B± ^T (Hl .-„ ;) = C((J J)=f(_° j)) 
respectively. 

According to the lexicographic ordering on V— It* determined by the 
ordered basis {— V - 1-^*, — V~ ^H^}, the positive noncompact roots 
are 

(39) en = -V-LHZ + V-LH*, 

(40) a 2 = - V^IHZ, 

and cci < a 2 . Moreover, ai + 0:2 = — 2^/— T-f^* , i.e., the sum is a root. 
Hence {«i} is a maximal sequence of strongly orthogonal positive 
noncompact roots. We let B(-, •) denote the Killing form on g. We 
use it to identify 0* with g* according to 

(41) a(X) := B(X,H a ),ae g*,X G g*. 

Via this identification, the Killing form induces a bilinear form on g* 

by 

(42) (a, 13) :=B(H a ,Hp). 

For a G A, we select a root vector E a G g a in such a way that 

(43) B(E a ,E_ a ) = -^—. 

{a, a) 
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2.6. Iwasawa decomposition. Consider the maximal abelian sub- 
space 

(44) a := R(E ai + E. ai ) = { ( t / 2 ^ ) 1 1 E R ] 

of p. The Iwasawa decomposition of q with respect to a is given by 

= n© a© t 
The corresponding global decomposition is 

G = NAK, 

where, written as quaternionic matrices 

^ f / cosht sinht \ , ^1 

| y sinh t cosh t J ' J ' 

Remark. One can just as well use an Iwasawa decomposition G = 
KAN, the correpondence between these two decompositions being 
(nak)^ 1 = k~ x a~ x rT l . In the sequel will see that it is sometimes 
convenient use this other decomposition as a means for finding the 
components in our decomposition. 

In the sequel we will need the explicit formulas for the NAK- 
factorisation 

(45) g = n(g)a(g)K(g) 
of an element g G Sp(l, 1). 

Lemma 1. For g = ^ ° d l°S a (fiO = + ^-oj, e* and 

ft(<7) are gwen by 



(1- 






2^ 


,1/2 




1 


-6d- 


-1 





/ \ t f a - c o \ 

^ = H J' 

Proof. The proof is by straightforward computation. We prove only 
the second statement. 
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The identity 

fa b \ _ ( 1 + q —q \ ( cosh t sinh t \ ( U\ 
y c d J \ q 1 — q J \ sinh t cosh t J y 112 

is equivalent to 

/ a b 
y c d 

( (cosh t + g(cosht — sinh t))ui (sinh t + g(sinht — cosh t))u2 

\ (sinh t + g(cosht — sinh t))u\ (cosh t + g(sinht — cosh t))u2 



Hence 



a — c = e 'tii 



d — b = e *m 2 . 

□ 



3. QUATERNIONIC DISCRETE SERIES REPRESENTATIONS 



3.1. Generalities. The Cartan decomposition (1281) decomposes g into 
two invariant subspaces for the adjoint action of K. Moreover, we have 
the isomorphism of i^-representations 

(46) Ad g/{ Ad p . 

We extend Ad p to a complex linear representation of K on the space 
(fl/£) c = P c - 

Consider now the surjective mapping 

(47) p:G^G/K,p(g) = gK. 
The differential at the origin 

(48) dp(e) : g -> T eK (G/K) 

intertwines the adjoint action of K on g with the differential action 
on the tangent space T eK {G/K). The kernel of dp(e) is 6, and as 
.fT-representations we thus have the isomorphism 

(49) Ad; {dK{ofY, 

where the right hand side denotes the complex linear dual to the rep- 
resentation given by the complexified actions of the tangent maps at 
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the origin. Using the quotient mapping induced by ( T48T ) and the real- 
isation of the differential action of K at the tangent space T (S>), we 
obtain the formula 

(50) A<i;(k)Z = {A- x ) l ZD l . 

Here Z G M 2 (C) T*(@) = (T (£>) c )*, and k = ^ ^ e K = 

SU(2) x SU(2). The restriction, Ad* p \ S u(2) 1 , to the subgroup 517(2)! 
is then given by 

(51) Ad;\ SU (2) 1 (k)Z = (A- 1 yZ. 

If we let {-Ejj}, i, j = 1,2 denote the standard basis for the complex 
vector space (i.e., Eij has 1 at the position on the ith row and jth 
column and zeros elsewhere), then clearly the subspace 

(52) V := CE U © CE 2l = C 2 

spanned by the basis elements in the first column is S , f/(2) 1 -invariant. 
Likewise, the subspace spanned by the basis elements of the second 
column is invariant. We now let r denote the representation given 
by restricting the ^-representation Adl\su(2)i to the subspace V, and 
let Tk denote the kth symmetric tensor power of the representation r. 
Then clearly, the natural identification of Tk with a representation of 
SU{2) is equivalent to the standard representation of SU{2) on the 
space of polynomial functions p(z, w) on C 2 of homogeneous degree k, 
i.e., we have 

(53) Tk(h, h)p(z, w) := p(l^ 1 (z, w)) := p(az + bw, —bz + aw), 

where l^ 1 = ( a ^ \_ J G SU(2). We let V Tk denote the representa- 
tion space for Tk- The (smoothly) induced representation Ind^(r fc ) is 
then defined on the space 

C°°(G,T k ) := {/ G C 0O (G,V Tk )\f(gr 1 ) = T k (l)f(g) \/g G GVZ G K}, 

i.e., on the space of smooth sections on the G-homogeneous vector 
bundle 

(54) V k ^G/K :=Gx K V Tk -+G/K. 

We fix the TT-invariant inner product on (,)k on V Tk given by 

(55) (P,q) k :=p(d)(q*)(0), 
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where p(d) is the differential operator defined by substituting 4- for 
z, and ^ for w in the polynomial function p(z,w), and 

k k 
3=1 3=1 

We use this inner product to define an Hermitian metric on V k by 

(56) h z {u, v) := ((g-^zu, {g~ l )zv) k , u, v G V|, 

where Z = gK and (g~ x )z denotes the fibre map V| — > Vq — Vk 
associated with g -1 . For a fixed choice, l, of G-invariant measure on 
G/K we define L 2 (Ind^(rfc)) as the Hilbert space completion of the 
space 

(57) |s G T(G/K, V k )\ j h z (s,s)di(Z) < ooj. 

The tensor product representation r k ® Ad(K)\ p c decomposes into K- 
types according to 

(58) r k ® Ad(K)\ pC = mpnp-kV^iH*, 

/3eA p 

where G {0, 1}, and ^p-ky/^TH* i s the irreducible representation of 
.K" with highest weight (3 — k^/—lHl. Let r k be the subrepresentation 
of the tensor product given by 

(59) r k - = m ^0-kV^iH*, 

/3GA- 

and let V k ~ be the subspace of V Tk <g> p c on which r k operates. Let 
P : V Tk ® p c — > V^" be the orthogonal projection. Define the space 
C°°(G, TjT) in analogy with f l54l ). We recall that the Schmid D operator 
is a differential operator mapping the space C°°(G, Tfc) into C°°(G', r k ) 
and is defined as 

(60) Df(g) = Y,P(Xif(9)®Xi), 
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where {Xi} is any orthonormal basis for p c , and Xif denotes left 
invariant differentiation, i.e., 

Xf(g) ■= j t f(gex P (tX))\ t=0 ,X ep, 

Zf(g) := Xf(g) + iY(g),Z = X + iY ep c . 

The subspace ker D fl L 2 (Ind^(r fc )) is then invariant under the left 
action of G and defines an irreducible representation of G belonging to 
the quaternionic discrete series. We let Ti k denote this representation 
space. By [2j, it belongs to the discrete series for k > 1. 

Remark. The model we use to describe the Hilbert space TC k can be 
used to realise any discrete series representation by induction from K 
to G of the minimal i^-type for any pair (G, K) where G is semisimple 
and K is maximal compact (cf. |5j). By [2], for k > 1, r k occurs 
as a minimal K-type for some discrete series representation of G = 
Sp(l,l). 

3.2. Global trivialisation. Let us for a while view the representa- 
tion space TC k as a space of sections of the vector bundle V k — > G/K. 
We recall the diffeomorphism G/K = T> given by gK \— > g ■ 0. This 
lifts to a global trivialisation, <3>, of the bundle V k — > G/K given by 

(61) $:Gx K V T * ^VxV Tk , *([(g,v)]) := (g ■ 0,r k (J(g, 0))v), 

where J(g, Z) denotes the i^ c -component of ^exp Z - the automorphic 
factor of g at Z (cf. |9j). 

If F : G — > V Tk is a function in C°°(G, r k ), its trivialised counterpart 
is the function / : T> — > V Tk given by 

(62) f(g-0):=r k (J(g,0))F(g). 

In the trivialised picture, the group G acts on functions on T> by 

(63) gf(Z):=r k (J(g-\Z))- 1 f(g- 1 Z). 

More explicitly, if g~ l = ( ^ W^j ( cons i^ erec ^ as a ma trix in SU(2, 2)), 
then 

J(g-'Z) = f A ~( AZ + mcz + u)-'£7 o \ e SL{iXl 

and 

gf(Z) =0 (A - (AZ + B)(CZ + D)- l C)f((AZ + B){CZ + Dy 1 ). 
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The action of SU(2) on the vector space V Tk is here naturally extended 
to an action of SL(2, C) by the formula ( |53l ). 

In the trivialised picture, the norm (1571 ) can also be described ex- 
plicitly. 

Proposition 2. Let k > 1. In the realisation of the Hilbert space Hk 
as a space of V Tk -valued functions on D, the norm (|57l) is given by 



(64) ll/H* := / (1 - |g|T(/(g), f(g)) k (l - |g| 2 )^m(g). 

JB 1 (m) 

Proof. For Z = gK, a fibre map {g~ 1 )z '■ V Tk ~ * is given by 

(65) (g- 1 ) z v = r k (J(g,0))- 1 v. 

If g — \ C ° S ^|r 2 ^lh+i 2 ) ' ^ ne automorphic factor J(g, 0) is given 



sinh t/ 2 cosh £/ 2 
by (cf.[5j ) 

(66) J(g,0) 

coshr 1 ^ \ _ / (1 -tanb 2 *) 1 / 2 ^ 



cosht/ 2 J \ cosht/ 2 

A general point ZeD can be described as Z = kgK for g as above. 
The cocycle condition 

(67) J(kg,0) = J(k,gO)J{g,0) 

then implies that 

fci(l -tanh 2 *) 1 / 2 ^ 

fc 2 cosh tl 2 

if Jfe = (k u k 2 ) e SU{2) x SU{2). Hence, for k = 1 

/j z ( u , v ) = tr ((^(1 - tanh 2 t) 1 / 2 / 2 )*M((A; 1 (l - tanh 2 t) 1/2 / 2 )'v)*) 

= tr ((/ 2 - ZZ*)*uv*) . 

For arbitrary fc, we have 

(69) h z {u,v) = tv [& {h- ZZ*Yuv* 



(68) J(kg,0) 



By analogous considerations, it follows that the invariant measure is 
given by 

di{Z) = det(I 2 - Z*Z)- 2 dm(Z), 
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where dm(Z) denotes the Lebesgue measure. Hence, we obtain the 
formula 

(70) / (Q(I 2 -ZZ*Yf(Z),f(Z)) k det(I 2 -Z*Z)- 2 dm(Z) 
Jv 

for the norm (J57| . In quaternionic notation, this translates into the 
statement of the proposition. □ 



4. Principal series representations and the Szego map 

In this section we will consider a realisation of the discrete series 
representation L 2 (lndK G (r^.)) as a quotient of a certain nonunitary 
principal series representation. We first state the theorem, and then we 
investigate how the given principal series representation decomposes 
into -fT-types. From now on we fix the number k and simply write r 
for Tfe. 

Recall the maximal abelian subspace a of p and consider the para- 
bolic subgroup 

P = MAN 

of G, where 

M = Z K {A) = \^l °)|«eSl/(2)}, 

and A and N are the ones that occur in the Iwasawa decomposition. 
Let a be the restriction of the representation r to the subgroup M. 
Then, clearly, the subspace defined by the M-span of the r-highest 
weight-vector equals V T and the representation a is also irreducible. 
We will hereafter denote this representation space by V a ' . Recall the 
identification of V a with a space of homogeneous polynomials. We 
thus adopt a somewhat abusive notation and write z a for the high- 
est weight-vector. Let v G a* be a real-valued linear functional and 
consider the representation 

(71) a ® exp(v) <g) 1 

of P. The induced representation Indp(<r ® exp(z/) £g> 1) is defined on 
the set of continuous functions / : G — > V a having the P-equivariant 
property 

(72) f(gman) = e^^H" 1 f(g). 
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The action of G on this space is given by left translation, 

Ind£(a ® exp(z/) <g> l)(f)(x) := L g -if(x) = /(<rV). 



Consider now the smoothly induced representation Ind M (a) which op- 
erates on the space, C°°(K, ex), of all smooth functions f '. K — ► V a 
having the M-equivariance property 



with ^-action given by left translation. The Iwasawa decomposition 
G = KAN shows that, a fortiori, G = KM AN (although this fac- 
torisation is not unique). Given a linear functional u G a*, we can 
therefore extend any such function on K to a function on G by setting 

f(kman) = e~ v ^ lo&a 'a{rri)~ l f{k), for g = kman. 

The equivariance property (1731) of / guarantees that this is indeed 
well-defined even though the factorisation of g is not. The extended 
function / has the P-equivariance property ( |72l) . In fact, this exten- 
sion procedure defines a bijection between the representation spaces 
of the representations Ind M (a) and Indp(cx (g) exp(z/) ® 1). There is a 
natural pre-Hilbert space structure on this representation space given 

by 



where || ■ || CT denotes the inner product on V a and dk is the Haar mea- 
sure on K. The completion of the space of M-equivariant smooth 
functions K — > V c with respect to this sesquilinear form can be identi- 
fied with the space of all square-integrable V a - valued functions having 
the property ( 1751) . We will denote the ^-representation on this space 
by L 2 (Ind^f (ex)). By the extension procedure using v described above, 
this completion can be extended to the space of all P-equivariant 
V^-valued functions on G such that the restriction to K is square- 
integrable. 

We now state the theorem by Knapp and Wallach. 

Theorem 3 ([6], Thm. 6.1). The Szego mapping with parameters t 
and v given by 



(73) 



f(km) = a(m)- l f(k) 




(74) 
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carries the the space C°°(K,a) into C°°(G, r) Piker _D ; provided that 
v and t are related by the formula 



(75) v{E ai + E_ ai ) 

(ai,ai) 

where 

ni = | {7 G Ap |o;(7) = ai and «i + 7 G A}|. 

In this case n\ = 1, since the root «2 is the only one satisfying the 
above condition. Moreover, an easy calculation gives that 

(™) *.-K(!S) + UJ 

Hence, the condition ([751) takes the form 



(77) u[ ( ? I ))=k + 2. 



1 

Hereafter, we will make the identification 
(78) v = k + 2 

of the functional with a natural number. We now proceed with a more 
detailed study of the representation L 2 (Ind^j(a)). 

Lemma 4. The representation L 2 (Indf { (a)) is K-equivalent to 
L 2 {K/M)®V a . 

Proof. Let / be a continuous function from K to V a having the prop- 
erty of M-equivariance 

f{km) = <7(m) -1 /(Jfe), keK,meM. 

Then the function 

/(*) := r(k)f(k) 

is clearly right M-invariant and hence we can define the function F : 

K/M -> V a by 

F(kM) = f(k). 

This is obviously well-defined. By choosing a basis {e^} for V a , we can 
write 

F(kM) = T, j F j {kM)e j 
for some complex- valued functions Fj. We now define a mapping 

T : L 2 (Ind^(a)) -> L 2 {K/M) ® K 



QUATERNIONIC DISCRETE SERIES FOR Sp(l, 1) 



19 



by 

Tf := EjFj^ej. 

To see that this mapping is a bijection, note that any vector in the 
Hilbert space L 2 (K/M) ® V a can be uniquely expressed in the form 
SjGj <S> ej. We can thus define a mapping 

S : L 2 (K/M) <g> V a -> L 2 (Ind^(a)) 

by 

S^-G,- ® ei )(fc) := r(A;)- 1 S^ J (A;M)e J 

and it is easy to see that S 1 is the inverse of T. 

It remains now only to prove the fT-equivariance. Pick therefore 
any element 

T,jGj <S> ej from the Hilbert space on the right hand side. We have 

k^jGj ® ej) = ZjGj o L fc -i <g> o-(/c)e i . 

If we denote the matrix coefficients of a(k) with respect to the basis 
{ej} by a(k)ij, we have 

cr(k)ej = T,i(j(k)ijei 

and hence 

^jGj o L fc -i <g> &(k)ej = SjjGj o L fc -i ® a(k)ijei. 

Applying 5 1 to the above expression yields 

S^jGjoLk-i^aik^e^k') = a^k'Y^G^k' M)a(k) lj e l 

= a{k')- 1 a{k)^ j G j {k- 1 k'M)e J 
= S(?: j G j ®e j )oL k -i(k'). 

□ 

We shall now examine the left action of K on the L 2 (i^/M)-factor 
in the tensor product more closely. In particular, we are interested 
in a certain ^-invariant subspace defined by a subclass of the K- 
types occurring in L 2 (K/M). We recall the identification of the K- 
representation Tj with a standard representation of SU(2). We there- 
fore let Tj also denote the corresponding 5'?7(2)-representation, and 
we let Vj denote the associated vector space of polynomials. Any ir- 
reducible representation of K = SU(2) x SU(2) is isomorphic to a 
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tensor product of irreducible 5'?7(2)-representations, i.e., it is realised 
on a space 

(79) V* ® Vi, 

for some i,j £ N. With the fixed ordering of the roots, the polynomial 
function (z,w) i— > z^ is a highest weight vector in Vj, and the polyno- 
mial function (z, w) i— > is a lowest weight vector. We will use the 
abusive notation where they are denoted by z J and respectively. 

Proposition 5. The algebraic sum 

(80) W:=0V?®^- 

of K-types is a subspace of L 2 \Ind I ^ 1 {a) . The highest weight vector for 
the K-type V* <8> V<r+j is given by the function 

(81) fj(k) := (Tj o Tr{k)z j , w j )j r(k)- l z a . 
Proof. For 

we have 

tf*M = ( ui ft Ul Mm = MWKr 1 ° r V^ 2 o \ M 

y u 2 u 2 J \ I J \ -u 2 -u 2 / 

/ u[uiU2 1 (u' 2 )~ 1 

" V o ' 

and this shows that the left action of K = SU(2)xSU(2) on L 2 (SU(2))- 
functions is equivalent to the action L g -i <8> Rh\ 

(L g -i®R h )(g,h)f{l) :=f(g-Hh) 

Then, by the Peter- Weyl Theorem, L 2 (K/M) decomposes into K- 
types according to 

(82) L 2 (K/M)^ (V^V*). 

jesu(2) 
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Tensoring with V a gives the sequence of ^-isomorphisms 

L 2 {K/M)®V (T ~ {Vj®V*)®V a 

- {v*®v j )®v a 

- v;®(v 3 ®v a ). 

Moreover, each term (Vj <S> V a ) has a Clebsch- Gordon-decomposition 

(V j ®V <T )~(V <T+j ®---) 

and therefore each term Vj®V u+ j will constitute a IT- type in L 2 (K ' j 'M)® 
V a . Such a i^-type has a highest weight-vector (vji)* ® 2 CT+J . Using 
first the embedding into V* ® (V^ (8> K-) and then the ^-isomorphism 
given by Lemma [U we see that highest weight- vector corresponds to 
the M-equivariant function 

(83) fj(k) := ( Tj o i:{k)z j ,w j )j o(ky l z°. 

□ 

5. Realisation of K-types 

By [2], the only K- types occurring in the quaternionic discrete series 
for Sp(l, 1) are the ones that form the subspace W in Proposition [5l 
In this section we compute their realisations as V T -valued functions on 
-Bi(H) when restricted to the submanifold 

(84) A ■ = {t G H| - 1 < t < 1} 
of -Bi(H). For s G R, we let 

(851 a f cos ^ s s ^ nns ^ 5 Ci 1") 

^ ' V srnns coshs J ' 

Then a s • = tanh s G A • 0. We start by computing the Szego images 
of the fj when restricted to points a s . 

Each of the standard S77(2)-representations, Vn, can be naturally 
extended to a representation of GL(2,C) by 

(86) p^ P og-\ P eV n ,geGL{2,C)- 

This action of GL(2, C) will occur frequently in the sequel. 
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Lemma 6. The Szego transform of the highest weight-vector fj is 
given by 



Sfj(a s ) = (coshs) " 

/ (det(l - /tanhs))- (l/+,j)/2 (r j (r 1 )^,w J ') j (T(l - / tanh s)z t7 dl 

JsU(2) 



1 J 

X 



*SU(2) 

when restricted to the A-component in the decomposition G = NAK 
Proof Take 



and 



x 



ui 
u 2 

cosh s sinh s 
sinh s cosh s 



Then 



kx 



U\ cosh s U\ sinh s 
u 2 sinh s u 2 cosh s 



and Lemma Q] gives that 



e v(\ogH{kx)) 



n(kx) 



1 — \u\U 2 1 tanh s\ 2 ^ 
|1 — UiU 2 1 tanh s \ 

1 — \u\U 2 1 tanhsj 
|1 — U\U 2 X tanhs| 



2 
2 



X 



Mi cosh s — u 2 sinh s 

u 2 cosh s — u\ sinh s 



Hence 



^-j — ) <j(mi cosh s — u 2 sinh 

|1 — U\U 2 tanhs| 2 / 
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and we get 



Jk\\*- — u\u 2 tannspy 



xcr(ui cosh s — u 2 sinh s) 1 a{ui)z a dk 

2 \ {v-&)/2 

It r, tI l-^-.l ,,J\ 



jxVIl — WiM 2 tanh spy 

xa(coshs — u{ x u 2 sinh s)~ 1 z a dk 

(coshs) - " / |1 — li]^ 1 tanhs|°' _ ^(r 7 - o 7r(/c _1 )2; J , u^- 

xcr(l — ■u^ 1 M 2 tanhs)~ 1 ^' :r (i/c. 



Using the identities 

(1 — u 1 x u 2 tanhs) -1 = 



. | i ■ -i 1 — M 2 tanh s 



1 — u 2 l u\ tanh s\ 2 
and 

|1 — UiU 2 ^ tanh s | = — UiU 2 1 tanh s)wi| = |1 — u 2 1 u i tanh s| 

in the above equality yields 

Sf j (a s ) = (casks)-" 

x I \l-u 2 1 u 1 ttmhs\- { - a+v) {T j oit(k- 1 )z\w j ) j 
Jk 

xcr(l — -u 2 tanh s)z a dk. 
We observe that the integrand is right M-invariant. In fact, 

(coshs) - " / |1 -M 1 M 2 1 tanhs|- (a+!/) (r i o 7r(£T 

xcr(l — w 2 tanh s)z' J dk 

= (coshs)^ / \l-Ti{k- 1 )- 1 tim\is\- {cj+v) (T, J oTi(k- 1 )z ] ,w 3 ) ] 
Jk 

x<t(1 - ^(AT 1 ) -1 tanhs)z CT d£;. 
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Therefore, it can be written as an integral over the coset space K/M ~ 
SU(2), i.e., 

Sfj(a s ) = (coshs) - " 

x f \l-r l t&nhs\- {a+u) (T j (l)z j ,w j ) j a(l-r 1 t&nhs)z' T dl. 

J,SU{2) 

Making the change of variables / i— > I -1 , and using the invariance of 
the Haar measure on SU (2) under this map, yields 

Sf j (a 8 ) = (casks)-" 

x I \l-lt&nhs\- {a+u) (T j (r 1 )z j ,w j ) j a(l-lt&nhs)z a dl, 

J,SU{2) 

and this finishes the proof. □ 

5.1. Highest weight-vectors for K-types. The polynomial func- 
tions pi u i 2 defined by 

p hM (z,w) := z h w h , 

for which I1+I2 = N form a basis for Vn- Occasionally we will however 
use the somewhat ambiguous notation z ll w l2 when there is no risk for 
misinterpretation 

We write ( = tanhs and consider the action of (1 — (I) on the basis 
vector Pi 1; i 2 . We have 

(87) (l-(l) Pluh (z,w) 

where the subscripts denote the projection functions 

(z,w)i = z, (z,w) 2 = w 
onto the first and second coordinate respectively. 
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The Binomial theorem gives the following expression for the first 
factor above: 

= det d - co- Zi t ( ) **(-o h -* ( i ))p 

= det(i - (iy h zh ( l ! ) (-O h ~ jl iPh-h,oM, 

and the second factor has a similar expression. Substituting these into 
( 1H71) yields the double sum 

(88) (1 - (l) Pk , l2 (z, w) = det(l - CO" 

Denote the normalisation of the basis vector p TyS by e r>s . Then 

Pr,s (r!s!) ^ € r ^ s 
and the term Iph-jx,^^ in ( 1891) can be written as the sum 

(89) lp h - h ,i 2 -h = (^!) 1/2 

x ^ M(l; h- jt,l 2 - h; r,s)e r>s . 

r+s=h+h—ji—j2 

In what follows, we will use an expression for the first factor in the 
integrand in Lemma [6] as a series of S , f/(2)-characters. The following 
result can be found in [4]. 

Lemma 7. The function I i— > (det(l — Ztanhs)~ A has the character 
expansion 

(det(l - Ztanhs)~ A 
°° fA - 11 

= Z) ^^(tanh^' 2 F 1 (X + j 7 A- 1; j + 2; tanh 2 s) Xr 

i=o J - 
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Proposition 8. The function Sfj has the following expression when 
restricted to A. 



SfMs) = (1 -tanh 2 ,)^ J2 ( I ) (- 1 ) i+ t^| ( tanhs) 



,_:U 

,2 



x 2 Fi(2(T + 1 + j + i, 2a; j + % + 2; tanlT s)z*. 
Proof. In the defining integral 

S7y(a s ) = (coshs)"" f {det{l-Cl))~ {t7+1) (T j {l~ 1 )z j ,w j ) j a{l-Cl)z a dl 

JSU(2) 

we already have a character expansion for the factor (det(l — CO) A - 
Therefore, it suffices to determine the expansion of 

into matrix coefficients. As a special case of (1891) we have 



o- 



*(1 " C0P.,o = det(l - C/)^ E ( I ) (-O^iPo-i,. 
and the special case of (l90l) is 

a— i 

lPa—i,0 (("" ^)") ^ ^ ^ (j~a— i (O^tr— ^,0; &r,a— i— r)a—i&r,(T— i—r- 

r=0 

To sum up, we have 

a(l - CO^oM = det(l - CO"* 

(7 / \ (T — i 

X E( I )(-O^V((a-z)!) 1 / 2 ^(r (7 _ l (/)e (T _ i ,o,e r , (7 _,_ r ) (J _ 

j=0 ^ ' r=0 

x e rj(7 _j_ r (z, w ) . 

The integrand is thus a linear combination of terms of the form 

(90) (r^r 1 )^, w J ) i (r (7 _i(/)e CT _i i o,e r . iCT _i_ r ) (T _i. 

It is easy to see (using the formula (l53l) ) that the identity 

(91) {r j {r 1 )z\w j ) j = (-iy(r,(/yV>, 
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holds, and using this identity in (l90l . the resulting terms are matrix 
coefficients for the tensor product representation Tj © r (T _ i . In fact, 

(92) (Tj(l)z J , w J )j(r (T ^ i (/)e (J _j i o, e r , (T _ i _ 7 .) ff _ i 

= _ 2)!r!(o- - i - r)i ) V2 (M^CO^O^®^^ „ 

We recall the Clebsch-Gordan decomposition for the tensor product 
Vj © Kr-j. There is an isometric diag(S£/(2) x S[/(2))-intertwining 
operator 

which is of the form 

= © • • • © 0(±(j-(<7-i)) 

where each term is an intertwining partial isometry and the sum is or- 
thogonal, i.e., the terms have mutually orthogonal kernels. The vector 
z ] © z a ~ % is a weight vector of weight — (J + a — i)^—lH^ and hence 
it maps to a highest weight vector in the summand Vj +f7 _j. Therefore 
only the term corresponding to this summand in the orthogonal ex- 
pansion of the inner product (192]) is nonzero. To be more precise, we 
use the isometry to write the matrix coefficient (J9~2~j) as the sum 

(93) ((0(7} © r ff _ i )(0(z i © z°- 1 ), (f>(w j © z r w^- r )) 

= ^((f)j + a-i-2s (Tj ©T CT _j ) (I) (z 3 (g)Z a ^ ) , (f) j+a -i-2s (W J (g)z' 'w"~*~ r ) )j +a -i-2 
s 

Since 

the sum f|93l) is equal to its first term 

Moreover, since we are integrating against characters, only the term 
corresponding to r=j + a — i will contribute. Hence we have the 
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equality 
(94) 



Sfj{a.) = (1 - tanh 2 s)^ fl ( \ ) ("O^C"! 

i=o ^ ' 



(j + a-i)\ 



z 



x / (det(l - Cl))- [2r7+1) (r, +(T _ t {l)z^-\ zi+'-^+^dl. 

JSU(2) 

So, by using the character expansion (1901) and the Schur orthogonality 
relations for matrix coefficients, we get the following expression for 
the above integral with the index i fixed. 

(det(l - C0)" (2<T+1) <7i+«r-i(0^ +ff " i . ^^h+a-idl 

5(7(2) 



(tanhs) i+a ~ 



Sfj(a s 



(j + a-i)\ 

x2F 1 (2a + 1 + j + a - i, 2a; j + a - i + 2; tanh 2 s) 
x (j + cr-t)! 

j + (T - i + 1 ' 

So, substitution of this into the sum (1941) and reversing the order of 
summation yields 

(l-tanh 2 S )^V( ° V-l)^2^±^(tanh S )^ 2i 
x 2 Fi(2cr + 1 + j + i, 2a; j + i + 2; tanh 2 

□ 

We now return to the language of section 3, so that a corresponds 
to the natural number k. We can now state the main theorem on the 
-fT-types. 

Theorem 9. For k > 1, the highest weight vector for the K-type 
V* <8> Vk+j is the function Fj : V — > V T , whose restriction to A ■ is 
given by 

k 



i=0 



+2i 

ti+i + iy." 

x 2 F 1 (2k + l+j + i,2k;j + i + 2; t 2 )z k . 
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Proof. Letting t = tanhs = ( cos | 1 ' s s ^ n ^ s ] . o and applying the 
■' ° V sinn s cosh si 

trivialisation mapping (16T1) . together with (l66l) . to the functions 5/j 

in Proposition [8] immediately gives the result. □ 
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